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Because of the requirement of reporting effect sizes and in the interest of measurement of
change within the item response theory framework, their combination becomes a new
issue. In the present study, repeated measures are decomposed as an initial ability and one
or more modifiabilities (gain score) using a multidimensional Rasch model. The modifi-
ability can be directly interpreted in terms of logit scale. The standardized mean mod-
ifiability is recommended for meta-analysis when test equating is not possible across
studies. A simulation study was conducted to assess parameter recovery. It appeared that
the point estimates were accurate whereas the error variances were underestimated. The
bootstrap method was used and found appropriate for estimating the error variances.
Implications and applications are illustrated through an empirical example.
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Inrecent years, reporting effect size has been increasingly recognized as a

necessary practice. The editorial policies of 20 journals in education and psy-
chology formally require effect size reporting (Capraro & Capraro, 2002).
The number of such journals is certainly increasing. The fourth edition of
the American Psychological Association (APA; 1994) Publication Manual
notes, “You are encouraged to provide effect-size information” (p. 18). The
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APA Task Force on Statistical Inference cautions, “Always provide some
effect size estimate when reporting a p value” (Wilkinson & the APA Task
Force on Statistical Inference, 1999, p. 599). The fifth edition of the APA
Publication Manual emphasizes, “For the reader to fully understand the
importance of your findings, it is almost always necessary to include some
index of effect size or strength of relationship” (APA, 2001, p. 25). Many
effect size measures have been developed over the decades. The variety of
effect size measures can be classified as two broad categories: measures of
effect size according to group mean differences and measures of association
strength according to the proportion of variance accounted for (Maxwell &
Delaney, 1990).

Although there are many studies on effect size measures, most discuss
the measures within the framework of classical test theory (CTT; Lord &
Novick, 1968) rather than item response theory (IRT). CTT is known to be
problematic in many theoretical and practical testing aspects, such as mutual
dependence for the estimation of item and person parameters (Lord, 1980).
In addition, raw scores or their linear transformations do not necessarily yield
an interval scale. Nowadays, IRT is widely used in educational and psycho-
logical tests, such as the Armed Services Vocational Aptitude Battery, the
Scholastic Assessment Test, the Graduate Record Examinations, the Differ-
ential Ability Scales, the Woodcock-Johnson Psycho-Educational Battery,
the Multidimensional Personality Questionnaire, the Beck Depression In-
ventory, and the Rosenberg Self-Esteem Scale (Embretson & Reise, 2000).
Given the requirement of reporting effect sizes and the popularity of IRT,
reporting IRT-based effect sizes becomes a new direction to explore. In par-
ticular, when tests or inventories are used to measure outcomes in experimen-
tal or observational studies and item response models are used to analyze the
data, how can effect size measures be reported?

DeMars (2001) compared the estimates of Cohen’s (1969, p. 18) stan-
dardized mean difference based on simulated groups under the Rasch (1960)
and three-parameter logistic models (Birnbaum, 1968). The standardized
mean difference between groups was computed using maximum likelihood
estimates or expected a posteriori (EAP) estimates for individual persons.
The population standardized mean difference was substantially underesti-
mated, especially when tests were short. The underestimation, not explained
by the author, is in fact due to measurement error in the estimates. The shorter
the test, the larger the measurement error. The attenuation on effect sizes due
to measurement error should be corrected for a better approximation of true
effect sizes. To disattenuate, Wang and Chen (2004) proposed a procedure
that takes measurement error into consideration in the model and directly
estimates the mean difference between groups and the common variance of
the two groups. They also proposed a disattenuation procedure based on the
IRT test reliability to obtain the sampling variance of the standardized mean
difference. Through simulations, it is found that the point estimate of the
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standardized mean difference is practically unbiased, and its sampling vari-
ance can be accurately obtained.

Measurement error in scores and its potential influence on effect size mea-
sures have not received sufficient attention in research practice (Baugh,
2002; Henson, 2001; Thompson & Snyder, 1998; Thompson & Vacha-
Haase, 2000; Vacha-Haase, Ness, Nilsson, & Reetz, 1999). In reality,
response measures are always imperfect and contain measurement error that
results in attenuation in effect size measures. Only when measurement error
is absent or trivial (e.g., height and weight measures) can the usual effect size
measures be applied safely; otherwise, disattenuation is more appropriate.
Therefore, it is very reasonable to disattenuate the effect size measure when
the measurement error is not negligible.

DeMars (2001) and Wang and Chen (2004) investigated the standardized
mean difference between groups. In many areas of education and psychol-
ogy, measuring change is of great interest. Often, a gain score is computed as
the simple difference between two successive test scores, such as a pretest
score and a posttest score. Bereiter (1963) noted three fundamental
psychometric problems in measuring change: (a) paradoxical reliability,
such that the higher the correlation between the pretest and posttest, the lower
the reliability of gain scores; (b) scale incompatibility, such that change is not
measured on the same scale for persons at different initial score levels; and
(c) spurious relationship, such that gain scores have a spurious negative rela-
tionship to initial scores.

Within the CTT framework, observed scores X and Y are assumed to con-
tain both a true score and an error. The difference between X and Y reflects
two parts: (a) difference in true scores and (b) difference due to measurement
error. The reliability of the gain score is represented as

2 2
_ OxPxx' + Oy +Pyy = 2PxxOxOy (1
3, 2 )
Gy + Oy —2PxyOxOy

Ppp-

where p,y, is the reliability of the gain score D (= Y — X), pyy is the reliability
of X (pretest score), p,,- is the reliability of Y, py, is the correlation between X
and Y,6; is the variance of X, and G}, is the variance of Y. If X and Y are highly
correlated, the true score part of X must overlap considerably with the true
score part of Y. As a consequence, there will be hardly any difference between
the true scores of these two variables. Differences between the scores on X
and scores on Y thus will be due almost entirely to measurement error. Ac-
cordingly, the more highly correlated X and ¥, the less reliable their differ-
ence will be.

This paradoxical reliability has implications for both research and testing
applications. For instance, a comparison of pretest and posttest scores might
be used to determine the progress made in a remedial program. The pretest
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and posttest are usually comparable because it would not make sense to
use completely different types of tests when assessing a person’s progress.
Therefore, scores on the two tests are likely to be positively correlated
whereas gain scores show low reliability. The measure of individual differ-
ences in the amount progressed (posttest minus pretest) could be quite unreli-
able. Persons who appear to have progressed quite a bit could show little
apparent gain in an equivalent remedial program. This does not reflect insta-
bility in their proficiency to progress; rather, it is a reflection of the potential
unreliability of gain scores.

Lord (1956) and Cronbach and Furby (1970) warned educational and psy-
chological researchers about potential problems in the analysis of unreliable
gain scores and suggested abandoning them if at all possible. In fact, gain
scores are not necessarily unreliable. They can be reliable, and their reliabil-
ity coefficients are intermediate between those of the pretest and posttestin a
large proportion of practical testing applications, even though the paradoxi-
cal reliability still exists (Rogosa & Willett, 1983; Williams & Zimmerman,
1996, 1999; Zimmerman & Williams, 1982, 1998). Several researchers have
suggested a variety of statistical techniques for studying and measuring
change (Collins & Horn, 1991; Cribbie & Jamieson, 2000; Dugard &
Todman, 1995; Edwards, 1993, 1995; Geenen & van de Vijver, 1993; Hake,
1998; Jamieson, 1994; Malgady & Colon-Malgady, 1991; Overall &
Tonidandel, 2002); nevertheless, strictly speaking, these problems seem ir-
resolvable because the change measurements are based on CTT, in which the
estimation of item and person parameters is mutually confounded. In addi-
tion, classical methods of gain scores suffer from certain fundamental disad-
vantages. For example, all gain scores are considered as equally precise indi-
cators of true change. It is, however, the test scores on different time points of
different persons and their corresponding gain scores that can have different
degrees of precision, depending on the location of the persons on the latent
dimension relative to the location of the items. Moreover, both the measure-
ment of change and the assessment of its precision as defined within the CTT
context refer to the “manifest scale,” the interval property of which is postu-
lated but not empirically or theoretically substantiated. A compression of the
scale is bound to occur near the boundaries of the score domain (Fischer,
2003).

Raw score measures are ordinal rather than interval. Because of the ordi-
nal nature of raw scores, the difficulty of pretest can bias the amount of gain
(in raw score unit) observed in groups that differ in initial achievement (May
& Nicewander, 1998). To compute gain scores by subtracting a pretest score
from a posttest score, interval scale measurement is required. The Rasch
scale (Rasch, 1960) has been recognized as possessing this property of inter-
val measurement (Andrich, 1988; Bond & Fox, 2001; Embretson & Reise,
2000; Fischer, 1995; Perline, Wright, & Wainer, 1977; Scheiblechner, 1999;
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Wright & Stone, 1979) and applied to change measurement. For example,
Fischer and Pazer (1991) and Fischer and Ponocny (1994) extended the rat-
ing scale model (Andrich, 1978) and partial credit model (Masters, 1982)
into the linear rating scale model and linear partial credit model, respectively,
and demonstrated their applications in the measurement of change. Fischer
(2003) provided confidence intervals for gain scores on the latent dimension
under the partial credit model (Masters, 1982). Andersen (1985) developed a
Rasch measurement model for longitudinal latent structure between repeated
testings, which combines the values of the latent dimension at several occa-
sions into a multidimensional latent density and directly estimates the vari-
ance-covariance matrix among the values. Likewise, Embretson (1991) pre-
sented a multidimensional Rasch model for measuring learning and change.
A simplex structure was postulated to link item responses to an initial ability
and one or more modifiabilities (learning abilities). This model, unlike
Andersen’s, decomposes the effective ability involved in the latter occasion
into an initial ability and one or more modifiabilities. The modifiability rep-
resents individuals’ gain across occasions.

Embretson (1991, 1993) demonstrated how the multidimensional Rasch
model resolves Bereiter’s (1963) fundamental problems by conceptualizing
change as a latent dimension. In particular, the paradoxical reliability results
from conceptualizing the multiple measurements as influenced by only one
dimension, which not only obscures the inherent multidimensional nature of
the change concept but also is unable to accommodate situations in which
changes in performance result from qualitative changes in psychological
processes, as noted by Cronbach and Furby (1970). On the contrary, the mul-
tidimensional Rasch model allows changes in processes to be represented as
separate dimensions (i.e., initial ability and modifiabilities). For the problem
of scale incompatibility, the interval scale measurement cannot be easily jus-
tified for raw scores and their linear transformations. In contrast, interval-
level scaling can be justified directly by the IRT measurement models, partic-
ularly the family of Rasch models. Thus, change measured on the Rasch scale
has a constant meaning for performance when measured from different ini-
tial levels, whereas it is not for raw scores. With respect to the problem of spu-
rious relationship, a negative correlation between initial status and change
can be expected for raw scores, when the scale of raw scores is compressed
near the boundaries of the score domain and when a test has too little ceiling
and floor to observe gains at high ability levels and loses to low abilities.
Change would be underestimated at these extremes, which would create a
negative bias in the correlation of initial status and change. The negative bias
can be partially removed in item response models, because the IRT scale is
not compressed near the boundaries of the score domain. When an adaptive
testing procedure is used, floor and ceiling effects can be further eliminated,
given that the item pool contains sufficient items of various difficulties.
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Even though IRT permits a reconceptualization of these fundamental
problems in gain scores, the above studies of IRT modeling have some draw-
backs. First, the linear rating scale model and linear partial credit model are
not suitable for measuring individual differences in change because all indi-
viduals are assumed to change by the same amount across occasions. Second,
although gain scores of individual persons are applicable in Fischer’s (2003)
study, the item parameters have to be known in advance, rather than jointly
calibrated from the whole data of item responses over time. Third, even
though individual differences in change and item parameters can be jointly
calibrated using Andersen’s and Embretson’s models, these models are lim-
ited to dichotomous items. To resolve these problems, Wang, Wilson, and
Adams (1998) applied the multidimensional random coefficients
multinomial logit model (MRCMLM; Adams, Wilson, & Wang, 1997) to the
measurement of change with polytomous items. However, no specific impli-
cations about the modifiability within the context of effect size measures
were provided, nor were the standard errors reported for estimating the con-
fidence interval of the mean modifiability.

The present study formulates the modifiability within the context of IRT
effect size measures. The standardized mean modifiability is recommended
for meta-analysis when test equating is not possible across studies. The
MRCMLM is used to estimate the initial ability and modifiability. A simula-
tion study was conducted to assess whether the parameters can be adequately
recovered. The bootstrap was used to approximate the sampling distributions
of the standardized and unstandardized mean modifiabilities. Finally, an
empirical example is given.

The MRCMLM

The MRCMLM, which is a multidimensional extension of the random
coefficients multinomial logit model (Adams & Wilson, 1996), can be ex-
pressed as

og] LK =L |y b Se(al—al e ?)
] p(Xi(j—l) =1 ij i(j=1) ij i(j-1)7=>
where p(X; = 1; £[6) and p(X,; _,, = 1]6;) denote the probabilities of

responses to item i that are in categories j and j — 1, respectively, conditioned
on ability vector 6; b U and b;.( j-1y denote the scoripg vectors given to catego-
ries jandj— 1 initem/, respectively;anda ; anda  ; ;, denote the design vec-
tors given to categories j and j — 1 in item i, respectively, to express the rela-
tionship among the elements in the item parameter vector &= (§,, ..., £,).
Note that the item scoring vector b, in the MRCMLM is not a set of parame-

ters but is known a priori. The MRCMLM belongs to the family of Rasch
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measurement models, so that interpretation of the item parameters is simpler
than for models in which discrimination parameters are present.

The rating scale model (Andrich, 1978), being commonly used to analyze
Likert-type items, can be expressed as

log(p(x'j_l)) =logit=0-(3; + 1) 3)
p(X i(j-1) =1

where , is the overall difficulty of item i and 7; is the threshold difficulty of
category j across items. Consider that Likert-type items are administered at K
occasions, and the rating scale modeling is used. To implement Embretson’s
modeling of the initial ability and modifiability, the modeling at Occasion 1 is

log it =0, — (§; + 1)), )

where 0, denotes the ability at Occasion 1 (the initial ability). At Occasion 2,
the modeling is

logit=6,+6,- (3 +1), 5

where 0, denotes the modifiability at Occasion 2 (i.e., the change in ability
from Occasions 1 to 2). At Occasion k, the modeling is

logit=0) + ... + 6, _, +6,— (§+1), ©)

where 6, denotes the modifiability at occasion k (the change in ability from
occasions k— 1 to k). Equations 4 to 6 as a whole can be expressed in terms of
Equation 2 by specifying appropriate scoring vectors and design vectors.
Note that the item parameters 6, and T;in Equations 4 to 6 remain unchanged
across occasions, so that the abilities across occasions are automatically set
on the same scale. Even when some of the items are different across occa-
sions, the abilities across occasions can be put on the same scale, as long as
the scales are equated through common items.

Construct invariance over time is the prerequisite of change measurement.
If the test construct changes over time, the test would become useless, and
any IRT or classical study on its reliability, validity, or gain scores would be
rendered meaningless because the results would not be generalized to other
time points and the meaning of gain scores is vague. To detect whether the
construct changes over time within the IRT context, one may compare the
item parameter estimates that are calibrated from different time points. If
substantial variations in the parameter estimates over time are found, the con-
struct does not hold constant over time (also called item parameter drift;
Bock, Muraki, & Pfeiffenberger, 1988). Standard detection methods of dif-
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ferential item functioning (Holland & Waner, 1993) can be carried out to
detect item parameter drift over time.

The modifiability 0,(k > 1) can be directly interpreted as an effect size:
gain score from occasions k— 1 to k on the logit scale. One point of gain on the
logit scale indicates that the log odds of any item in the test at occasion k are 1
point higher than those at occasion k— 1, or equivalent; the odds at occasion k
are ¢'(=2.72") times of those at occasion k— 1. The mean modifiability across
persons can be interpreted as the mean gain on the logit scale. The mean
modifiabilities across studies can also be compared directly and interpreted
in the same way, once test equating is made across studies. The comparison
of the mean modifiabilities across studies becomes complicated when differ-
ent variances of modifiability exist across studies even after test equating. As
an example, consider the following situation in which the mean
modifiabilities are 1 logit for both studies after test equating but the variance
of the modifiability in the first study is 1 and that in the second study is 2.
Likewise, the variances of the modifiabilities in a study may be very different
over occasions. This brings about the same issue why the mean difference has
to be standardized (Cohen, 1969) to obtain a scale-free measure for compari-
son across studies, even though the mean modifiabilities across studies can
still be interpreted in terms of log odds when test equating is made. In such a
case, the standardized mean modifiability provides additional information
about the effect sizes. Besides, when completely different items are used
across studies and test equating is not possible, the standardized mean
modifiability is the only choice for meta-analysis.

The standardized mean modifiability across persons is defined as

Mg,
dy, =5, @)
k Gek

where 1, and 6, are the mean and standard deviation of 6,, respectively.
This standardized mean modifiability, like the standardized mean difference,
can be interpreted as the percentage of overlap between the sampling distri-
butions under the null hypothesis (H,, no gain) and the alternative hypothesis
(H,), as depicted in Figure 1. The percentages of overlap are .85, .67, and .53
when the values of the standardized mean modifiability are .2, .5, and .8,
respectively (Cohen, 1988). When the unstandardized mean modifiability is
used, the interpretation should focus on the log odds of test items. If the stan-
dardized mean modifiability is used, the interpretation should focus on the
percentage of overlap. In practice, reporting both kinds of modifiability in-
dices is desirable.

The accompanying computer program ACER ConQuest (M. Wu, Adams,
& Wilson, 1998) of the MRCMLM provides marginal maximum likelihood
estimation (Bock & Leiberman, 1970) with an expectation/maximization
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Figure 1. Overlap between the sampling distributions under Hy and H,.

algorithm (Bock & Aitkin, 1981) in which the person abilities are assumed to
be a representative sample from a distribution, usually a multivariate normal
distribution. As only the population parameters of the person ability distri-
bution (i.e., mean vector and variance-covariance matrix for a multivariate
normal distribution) are estimated, the individual person is usually given an
estimate of the expected value of the marginal posterior distribution (EAP
estimate) conditional on the person’s responses (Bock & Mislevy, 1982).
After obtaining the direct estimates of the mean initial ability, modifiabilities,
and variance-covariance matrix, one can compute the estimate of the stan-
dardized mean modifiabilities as
Lo,

dy, = 5 ®)
k

where 1 o, and G o, are the maximum likelihood estimates.

Maximum likelihood estimates have several optimal properties: (a) con-
sistency, convergence to the true value with increasing sample size; (b) effi-
ciency, the relatively smallest standard error; and (c) asymptotically normal
distribution of estimation error (Eliason, 1993, p. 18; Embretson & Reise,
2090, p. 16A6). Based on these properties, 0 o, and G o, are efficient estimators
of ity ando, ,respectively. Therefore, d, isa good estimator of d, . More-
over, because both L 0, and © g, are maximum likelihood estimators, and they
are practically uncorrelated, d, is expected to be asymptotically normally
distributed with an expected Valuerf d 0, Howeyver, it is difficult to derive the
theoretical sampling variance of d .
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The current version of ACER ConQuest does not compute error variances
with the full information matrix of item parameters and person distributional
parameters for the multidimensional forms of the model. Instead, it approxi-
mates error variances by ignoring the covariances in the parameter estimates.
In doing so, the obtained error variances are usually underestimated. To
resolve this problem, the bootstrap (Efron, 1979) is recommended.

The Simulation

Design

The design and the generating values were adopted from the following
empirical example, in which 1,080 students completed a hostility scale four
times, once every year (C.-I. Wu, 1999). The scale contained six 5-point
Likert-type items. On the fourth administration, only three of the six items
were given. The rating scale modeling together with Embretson’s procedure
was used. One mean initial ability and three mean modifiabilities were esti-
mated for the four occasions. In addition, a 4 e 4 variance-covariance matrix
for the four kinds of abilities was estimated. The item parameters contained
five overall difficulties (the overall difficulty of the last item was constrained
to be the negative sum of the five overall difficulties to make the mean overall
difficulties zero) and three threshold difficulties (the fourth threshold diffi-
culty is the negative sum of the three threshold difficulties). Altogether, 22
parameters were estimated, including 8 item parameters, 4 parameters for the
mean vector, and 10 parameters for the 4 e 4 variance-covariance matrix. Five
hundred replications were made.

Analysis

ACER ConQuest was used to calibrate parameters. The bias value, empir-
ical sampling variance, and mean square error of the estimates across the 500
replications were computed as

500

. 1 R
Bmsé :EE(% -Q) 9)
| S -
S2=—_N' (¢, -¢,)
: 499;(% S (10)

500
1 . )
MSE. = — -,

: 500];:1((;/( 9) 1)
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Table 1

Descriptive Statistics for the Simulation Study

Parameter Generating Bias s MSE
& =9 1.815 0.0077 0.0007 0.0007
& =9, 0.746 0.0026 0.0005 0.0005
E3=0; 0.788 0.0055 0.0008 0.0008
&,=9, 0.693 0.0005 0.0008 0.0008
&5 =55 0.031 0.0003 0.0004 0.0004
&=1y 1.477 0.0075 0.0009 0.0009
&=1, 0.098 0.0021 0.0008 0.0008
=13 0.502 0.0039 0.0015 0.0016
Mg, 2.040 0.0044 0.0010 0.0010
le, 0.304 0.0006 0.0011 0.0011
Mo, 0.027 0.0024 0.0017 0.0017
Mg, 1.312 0.0042 0.0069 0.0069
o 0.380 0.0016 0.0007 0.0007
[P 0.304 0.0036 0.0009 0.0009
o3 0.044 0.0001 0.0010 0.0010
Oy 0.108 0.0003 0.0026 0.0026
Csy 0.909 0.0213 0.0041 0.0046
Oy3 0.383 0.0117 0.0029 0.0031
Coy 0.448 0.0132 0.0064 0.0066
033 0.965 0.0238 0.0050 0.0056
O3y 0.547 0.0201 0.0092 0.0096
Gy 2.579 0.0683 0.0477 0.0524
dy, 0.3344 0.0112 0.0026 0.0027
dy, 0.0280 0.0016 0.0020 0.0020
dy 0.5087 0.0190 0.0028 0.0032

respectively, where ¢ denotes a particular estimator, ¢ denotes the generat-
ing value, and ¢, denotes the mean estimate across replications.

Results

Table 1 shows the generating value, bias value, empirical sampling vari-
ance, and mean square error for the 22 estimators. To test jointly whether the
estimates for the 22 parameters were biased, the Hotelling T? test was used.
The transformed F statistic was 7.175, with degrees of freedom 22 and 478
and a p value smaller than .001, indicating that the estimates were biased. The
bias values were in the range of 0.068 and 0.020. This range was very small
and negligible compared to the range of the generating values, 2.040 to
2.579.

The last three rows of Table 1 list the descriptive statistics for the three
standardized mean modifiabilities. For these three estimators, the trans-
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Table 2
Sampling Variances Obtained From the Bootstrap Samples and Simulated Replications and
Their Ratios

Parameter s? (Bootstrap) s? (Simulation) Ratio
Mo, 0.0012 0.0011 1.09
Mg, 0.0017 0.0017 1.00
le, 0.0063 0.0069 0.91
d92 0.0026 0.0026 1.00
dgy s 0.0020 0.0020 1.00
dg 0.0025 0.0028 0.89

formed F statistic was 27.03, with degrees of freedom 3 and 497 and a p value
smaller than .001. Therefore, the three estimates were also biased. The bias
values were 0.011, 0.002, and 0.019 for the three generating values 0.334,
0.028, and 0.509, respectively. Likewise, the bias was not serious. The
Shapiro-Wilk W test for normality (Shapiro & Wilk, 1965) was used to test
whether the estimates of the three standardized mean modifiabilities were
normally distributed. The W test can be viewed as being based approximately
on the correlation coefficient between the ordered values and their expected
values under normality. The closer Wis to unity, the more plausible normality
will be. The W statistics for the three standardized mean modifiabilities were
978 (p =.027), .988 (p = .829), and .974 (p = .001), respectively. As the W
statistics were very close to unity, the nonnormality for the third mean
modifiability was not serious. In brief, ACER ConQuest yielded very accu-
rate point estimates for the model parameters as well as the standardized
mean modifiabilities. The estimates of the standardized mean modifiabilities
were approximately normally distributed.

The Bootstrap

The bootstrap, which has been used to approximate unknown sampling
distribution, was used to obtain the sampling distributions of the (standard-
ized) mean modifiabilities. Five hundred bootstrap samples were randomly
resampled with replacement from the real data set (discussed later in the
empirical example). These 500 bootstrap samples were then calibrated using
ACER ConQuest. Table 2 shows the empirical sampling variances of the
three mean modifiabilities and the three standardized mean modifiabilities
obtained from the bootstrap samples and the above simulated replications.
The ratio of these two kinds of empirical sampling variances was computed.
The empirical sampling distribution obtained from the simulated replications
can be treated as the best approximation to the theoretical sampling distribu-
tion. If the bootstrap was accurate, the ratio should be very close to unity. It
was found that the ratios for the six kinds of mean modifiabilities were be-
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tween 0.89 and 1.09, with a mean of 0.98. Accordingly, the bootstrap yielded
very good approximations for the error variances.

Figure 2 presents the histograms of the estimates for the three unstandard-
ized mean modifiabilities. Each mean modifiability has two histograms, one
for the bootstrap samples and the other for the simulated replications. Like-
wise, Figure 3 presents those for the three standardized mean modifiabilities.
All 12 empirical sampling distributions appeared to be normal. Given the
practically unbiased point estimates from ACER ConQuest and the good
approximations for the error variances from the bootstrap, confidence inter-
vals for these parameters can be drawn accurately.

An Empirical Example

A hostility scale with six 5-point Likert-type items was administered to
1,080 seventh graders four times, once per year. At the fourth occasion, only
three of the six items were administered. Table 3 shows the raw score means
and standard deviations for the four occasions, the gain scores from Occa-
sions 1 to 2 and from Occasions 2 to 3, and the respective standardized mean
gains. The mean scores were increased from Occasions 1 to 2, then to Occa-
sion 3. The mean gain scores from Occasions 1 to 2 and from Occasions 2 to 3
were 1.63 and 0.24, respectively. The respective standardized mean gains
(mean gain/SD) were 0.41 and 0.06, respectively. Thus, the mean hostility
levels were increased from the seventh to eighth grade quite a bit and then to
ninth grade almost unnoticeably. The mean score at Occasion 4 was much
smaller than those at the previous occasions, mainly because only half of the
items were administered at Occasion 4. Because different numbers of items
were administered at Occasions 3 and 4, a direct subtraction of the pretest
score from the posttest score was inappropriate. Therefore, it was difficult to
define the gain from Occasions 3 to 4 (from the ninth to tenth grade) using
raw scores. Strictly speaking, when different items are used across occasions,
the direct subtraction in raw scores is problematic.

For item response analysis, Andrichs rating scale modeling together with
Embretsons procedure was applied, in which each item was modeled with
one overall difficulty and three threshold difficulties. The mean overall diffi-
culty of the six items was constrained to zero, which means that the overall
difficulty of the last item was the negative sum of the five overall difficulties.
As a result, 8 item parameters, including five overall difficulties and three
threshold difficulties, were estimated. Because the persons were assumed to
be a representative sample of a multivariate normal distribution, only the
mean vector and variance-covariance matrix of the multivariate normal dis-
tribution were empirically estimated (i.e., empirical Bayes; Lee, 1997,
p. 214). There were 4 parameters in the mean vector, including one mean ini-
tial ability and three mean modifiabilities. Likewise, there were 10 parame-
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Figure 2. Histograms of the estimates for the three mean modifiabilities obtained from the
bootstrap samples and simulated replications. (a) First modifiability from the boot-
strap samples (S2 =0.0012). (b) First modifiability from the simulated replications
(S2 =0.0011). (c) Second modifiability from the bootstrap samples (S 2= 0.0017).(d)
Second modifiability from the simulated replications (S2 = 0.0017). (e) Third
modifiability from the bootstrap samples (S2 =0.0063). (f) Third modifiability from
the simulated replications (S2 =0.0067).
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Figure 3. Histograms of the estimates for the three standardized mean modifiabilities obtained
from the bootstrap samples and simulated replications. (a) First modifiability from
the bootstrap samples (S2 =0.0026). (b) First modifiability from the simulated repli-
cations (52 = 0.0026). (c) Second modifiability from the bootstrap samples (S° =
0.0020). (d) Second modifiability from the simulated replications (S2 =0.0020). (e)
Third modifiability from the bootstrap samples (S2 =0.0025). (f) Third modifiability
from the simulated replications (S2 =0.0028).



WANG AND CHYI-IN 773

Table 3
Descriptive Statistics of the Raw Scores for the Four Occasions, Gain Scores, and
Standardized Mean Gains

Occasion M SD Standardized Mean Gain
1 9.90 2.29

2 11.53 4.58

3 11.77 4.83

4 3.79 1.41

Gain (1 — 2) 1.63 3.94 0.41

Gain 2 — 3) 0.24 3.95 0.06

ters in the 4 X 4 variance-covariance matrix, including four variances and six
covariances. Altogether, 22 parameters were estimated.

Table 4 lists the parameter estimates (the same as the generating values in
Table 1), standard errors obtained from the ACER ConQuest printout, stan-
dard errors from the bootstrap samples, standard errors from the simulated
replications, weighted mean square errors, and Z statistics for testing whether
the item fitted the models expectation. The weighted mean square errors
(M. Wu et al., 1998) for the eight item parameters were between 1.04 and
1.23, with amean of 1.16. The Z statistics were between 1.04 and 4.95, with a
mean of 3.44, indicating that the items did not fit the expectation of the model
very well (note that the sample size of 1,080 was very large). However, as the
weighted mean square errors were not far apart from unity, the item fit was
still acceptable, although not ideal. The standard errors obtained from the
bootstrap samples and simulated replications were very similar. Both were
larger than those obtained from the ACER ConQuest printout, which ignored
the covariances in the parameter estimates. In brief, the standard errors
obtained from the bootstrap samples were larger and more accurate than
those from the ACER ConQuest printout.

The estimate of the mean initial ability was 2.040, indicating that the aver-
age hostility level was very low, compared to the zero mean item difficulties.
The first mean modifiability (i.e., mean gain from the 7th to 8th grade) was
0.304, indicating that the average hostility increased slightly. The second
mean modifiability (i.e., mean gain from the 8th to 9th grade) was 0.027,
indicating that the average hostility remained practically unchanged. The
third mean modifiability (i.e., mean gain form the 9th to 10th grade) was
1.312, indicating that the average hostility reduced substantially. This sub-
stantial reduction might be because the students, just entering senior schools,
were released from very competitive entrance examinations and attracted to
the novelty of school environments and new friendship. The log odds of any
items at Occasion 4 were 1.92 lower than those at Occasion 3, which were
0.0227 higher than those at Occasion 2, which in turn were 0.304 higher than
those at Occasion 1.
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Table 4
Parameter Estimates, Standard Errors, and Item Fit Statistics

SE SE SE

Parameter Estimate  (Printout) (Bootstrap) (Simulation) WMSE Z
5, 1.815 0.02 0.027 0.026 123 495
5, 0.746 0.02 0.023 0.022 122 4.84
O3 0.788 0.02 0.028 0.028 1.19 426
&y 0.693 0.02 0.030 0.028 1.10 234
ds 0.031 0.02 0.022 0.021 .13 297
T 1.477 0.02 0.030 0.029 .14 3.02
T, 0.098 0.02 0.027 0.027 .19  4.09
T3 0.502 0.03 0.036 0.039 1.04 1.04
e, 2.040 0.018 0.029 0.031

He, 0.304 0.029 0.035 0.034

He, 0.027 0.030 0.041 0.041

He, 1.312 0.049 0.079 0.083

[ 0.380 0.015 0.026 0.026

[ 0.304 0.024 0.028 0.030

O3 0.044 0.025 0.033 0.031

Oy 0.108 0.041 0.053 0.051

Gy 0.909 0.038 0.074 0.064

O3 0.383 0.040 0.055 0.054

[N 0.448 0.066 0.075 0.080

033 0.965 0.040 0.067 0.071

O3y 0.547 0.067 0.086 0.096

Oy 2.579 0.113 0.215 0.218

dy, 0.334 NA 0.051 0.051

dy, 0.028 NA 0.045 0.045

dgy 0.509 NA 0.050 0.053

Note. WMSE = weighted mean square error; NA = not available.

After standardization, the estimates for the first, second, and third stan-
dardized mean modifiabilities were 0.334, 0.028, and 0.509, with standard
errors (obtained from the bootstrap samples) of 0.051, 0.045, and 0.050,
respectively. The 95% confidence intervals for the three standardized mean
modifiabilities were (0.234, 0.434), (0.060, 0.116), and (0.607, 0.411), re-
spectively. According to Cohen’s (1988) criterion, the effect sizes were small
for the first two modifiabilities and medium for the last modifiability.

The first and second standardized mean gains in raw scores were 0.41 and
0.06, respectively, as shown in Table 3. They were close to the first and sec-
ond standardized mean modifiabilities of 0.334 and 0.028, respectively. The
similarity is due to the scale-free nature of the standardized mean gain or
modifiability. Note that it is not possible to obtain the third standardized
mean gain using raw scores because only half of the items were administered
at Occasion 4.
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Table 5
Correlations Between the Initial Ability and Modifiabilities and the Item Response Theory
(IRT) Reliabilities

First Second IRT
Initial Modifiability Modifiability Reliability
Initial .76
First modifiability 52 71
Second modifiability -.07 —-41 .55
Third modifiability -.11 -29 =35 .50

Table 5 shows the correlations between the initial ability and three modi-
fiabilities. They were between .41 and .52, indicating that the correlations
were small to moderate. Note that the modifiabilities are gain scores. There-
fore, the correlation between the first and second modifiabilities (.41) was the
correlation between two gain scores, not the correlation between the initial
status and its gain. The sum of the initial ability 0, and the first modifiability
0, is the initial ability for the second modifiability 6;. The correlation be-
tween the second modifiability 6, and its initial ability 6, + 6, can be com-
puted as

cov®, +6,+6;) _
\/var(Gl +0,)xvar(05)
cov(6,,0;)+ cov(0,,0;) : (12)
\/[Var(Gl )+var(8,)+ 2cov(6,,0,)] xvar(0;)

P +0,) =

Likewise, the correlation between the third modifiability 6, and its initial
ability 61 + 0, + 05 is

_ cov(® +0, +03+64) _
Jvar(e, + 6, +65) x var(8,)
cov(0;,04) + cov(0,,04) + cov(03,04)
\/[var(el )+ var(0, ) + var(63) + 2 cov(6;,0,) + 2 cov(6; .05 ) + 2 cov(0,,05)] X var(8, )

P©,+0,+05):04 )
(13)

According to the estimated variances and covariances in Table 4, 74 .4, 0,
was .25 and 7g ,q,,0,), Was .46.

Within the IRT framework, the measurement error is no longer homoge-
neous. If a single quantity is required to denote test reliability as a whole, an
average reliability across persons can be used, which can be computed as

~2
OEap

Too =5 > (14)
Gy
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where 6;,, is the sample variance of the EAP estimates and G is the esti-
mated variance of the latent trait when marginal maximum likelihood estima-
tion is implemented (Mislevey, Beaton, Kaplan, & Sheehan, 1992). This IRT
reliability can be viewed as the counterpart of the classical test reliability. As
shown in Table 5, the IRT reliability for the initial ability was .76, which was
satisfactory for six 5-point Likert-type items. The IRT reliability for the third
modifiability was .50, which was not low, compared to only three items
administered at the fourth occasion and the low reliability nature of gain
scores.

Conclusion

Because of the requirement of reporting effect sizes and the interest of
change measurement within the IRT framework, a combination of these two
becomes a new issue. The most serious fundamental problems with gain
scores within the CTT framework are paradoxical reliability, scale incompat-
ibility, and spurious relationship. Recent developments in IRT have made it
applicable to resolve these problems. For gain scores to be adequate, interval
scale measurement is required. The IRT scale, particularly the Rasch scale,
has been recognized to have the property of interval measurement. In the
present study, an initial ability and a set of modifiabilities are used to describe
change over time. Item parameters and the initial ability and modifiabilities
are jointly estimated using ACER ConQuest. A simulation study was con-
ducted to investigate whether ACER ConQuest yields accurate estimates. It
appeared that the point estimates are very accurate, although not unbiased.
However, the error variances are underestimated. To correct the underestima-
tion, the bootstrap was used and found to yield very good approximations. In
practice, 25 to 200 bootstrap samples are often enough for estimating a
standard error (Efron & Tibshirani, 1993, p. 52).

With the Rasch measurement, mean modifiability can be directly inter-
preted as the gain in the log odds of any item in the test. Moreover, if the logit
scales across studies are equated, mean modifiabilities across studies can
also be directly interpreted in terms of the log odds. However, when com-
pletely different items are used in different studies and test equating is impos-
sible, mean modifiabilities across studies are not directly comparable. In
such a case, the standardized mean modifiability, interpreted as the percent-
age of overlap between the sampling distributions under H,, (no gain) and H,
is more useful for comparison of effect sizes across studies. For both direct
interpretation and meta-analysis, reporting both kinds of modifiability
indices is recommended.

In addition to ACER ConQuest, the SAS NLMIXED procedure (SAS
Institute, 1999) is an alternative for fitting many common nonlinear and gen-
eralized linear mixed models, including the MRCMLM model. The reader is
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referred to Wolfinger and SAS Institute (n.d.) for details of the NLMIXED
procedure. According to the authors experiences in applying the multidimen-
sional approach, the NLMIXED procedure may take several days to con-
verge (or sometimes may fail to converge) whereas ACER ConQuest takes
only a few minutes.

The idea of standardized mean modifiability can be generalized to multi-
parameter item response models (e.g., Birnbaum, 1968; Samejima, 1969). To
the authors knowledge, no multidimensional multiparameter item response
models or commercial computer programs (e.g., Bguin & Glas, 2001; Bock,
Gibbons, & Muraki, 1988; Fraser, 1988; McDonald, 1982; McKinley &
Reckase, 1983; Reckase, 1985; Wilson, Wood, & Gibbons, 1991) are avail-
able for modeling modifiability. Future studies may be conducted to develop
such models and corresponding computer programs. There are many other
types of effect size measures, such as p?, 1%, &, the multivariate Roys ©, and
Pillai-Bartlett V, that are not considered in this study. Future studies may aim
at generalizing these measures into an IRT context.
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